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A traditional heterodyne detector, as a phase-insensitive device, suffers the well-known 3 dB noise 
penalty caused by image sideband vacuum. In contrast, a heterodyne detector with a bichromatic 
local oscillator, as a phase-sensitive device, should be exempted from the 3 dB noise penalty, in spite 
of the existence of the image sideband vacuum. Assuming coherent light at the input, we develop 
in this work a theory to describe the quantum nature of the phase-sensitive heterodyne detector, in 
a good agreement with experiment. The absence of the quantum noise of the image vacuum modes 
in the heterodyne detector may be explained by that the studied detector senses only a single field 
of light, i.e., the signal field, according to the theory developed. 

PACS numbers: 42.50.Lc, 42.50.Xa 42.50.Dv 


I. INTRODUCTION 

The concept of image sideband vacuum mode plays a 
crucial role in our orthodox understanding of the quan¬ 
tum nature of heterodyne detectors [IHil. A traditional 
heterodyne detector, as a phase-insensitive device, suf¬ 
fers a 3 dB noise penalty caused by the extra quantum 
noise of the image sideband vacuum mode involved in 
the detection Qiaami- This 3 dB heterodyne noise 
makes heterodyne detectors less competitive than their 
homodyne counterparts in the application of precision 
measurements with non-classical light. 

A proposal has been put forth to suppress the 3 dB het¬ 
erodyne quantum noise by replacing the image sideband 
vacuum mode with light in two-photon coherent states 
[^. However, this proposal has never been experimen¬ 
tally realized. Another possible solution to the problem 
is to excite the image sideband mode into a coherent state 
at a power level similar to the signal mode. Thereby, the 
heterodyne detector becomes a phase-sensitive one and 
is free of the 3 dB noise penalty ilil- The shortcom¬ 
ing of the second method is that the input signal must be 
pre-processed before it is received by the detector. More¬ 
over, the gained signal-to-noise ratio (SNR) results from 
doubling the power of the signal before detection and the 
quantum noise floor of the heterodyne detector remains 
the same. 

We study a phase-sensitive heterodyne detector with 
a bichromatic local oscillator, which may become a use¬ 
ful tool for precision measurements with squeezed light. 
The detector can be conceptually constructed out of two 
conventional heterodyne detectors (Fig. [T|). It turns out 
that the quantum nature of this detector cannot be sat¬ 
isfactorily described by the current theory of detection: 
The 3 dB noise penalty should take place due to the im¬ 
age sideband vacuum [l^. On the other hand, A 3 dB 
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FIG. 1. (color online) Illustration of the idea to construct 
a phase-sensitive heterodyne detector out of two traditional 
phase-insensitive heterodyne ones. The idea can be realized 
in practice by utilizing a bichromatic local oscillator, whose 
only nonzero components are two coherent modes of frequency 
at uii and lo 2 , for the detector. Obviously, the two image 
sideband modes involved in the detection at frequencies uiu 
and are in vacuum states. The center-frequency mode 
in the phase-sensitive detection, labeled by red color, is the 
signal mode at frequency uia- and Si'^\t) stand for the 
signal field and the oscillator field, respectively. 


noise penalty should not take place in a phase-sensitive 
device, to be in consistency with the quantum theory of 
linear amplifier [l^ . 

In this work, we develop a theory to describe the quan¬ 
tum behavior of the phase-sensitive detector, based on 
the quantum theory of optical coherence [13, Ha, [I 4 I • We 
theoretically show that the studied detector is actually 
noise free, in a good agreement with experimental obser¬ 
vation | 18 l |. which may be explained by that the hetero¬ 
dyne detector measures only a single field of light at its 
input, according to our theoretical analysis. The results 
presented here are very important for a full understand¬ 
ing of the origin of the quantum noise in optical hetero¬ 
dyne detection. 

In the next section, we summarize a relevant work 
[E[i3 by Ou, Hong and Mandel, who studied certain 
two-time correlation functions of squeezed light and their 
Fourier conjugates. These functions are related to the 
auto-correlation functions and the spectral density of the 
photocurrent fluctuations that appear in homodyne mea¬ 
surements of the squeezed light. Needless to say, coher¬ 
ent light can be considered as a special kind of squeezed 
light when the degree of squeezing approaches zero. In 
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Sec. Ill, we generalize the work by On, Hong and Man- 
del to the case of phase-sensitive heterodyne detection in 
the studied configuration. For coherent light as input to 
the detector, we calculate the noise figure (NF) of the 
detector. We discuss in Sec. IV the importance of the 
theoretical results obtained in this work. According to 
the theoretical analysis, the studied heterodyne detector 
owns both the advantages of a conventional heterodyne 
detector, which produces AC photoelectric signals avoid¬ 
ing DC noises, and its homodyne counterpart, which is 
noise free, showing the potential of being a useful tool for 
precision measurement of weak optical signals with non- 
classical light. As for the origin of the quantum noise 
in the detection, the heterodyne detector may measure 
a single field of light, i.e, the signal field. In this pic¬ 
ture, the image sideband vacuum modes are part of the 
measured signal field, instead of belonging to other inde¬ 
pendent fields. 

II. FLUCTUATIONS OF THE 
PHOTOELECTRIC CURRENT IN HOMODYNE 
MEASUREMENT OF LIGHT 



FIG. 2. (color online) Homodyne measurement of light. The 
signal light interferes with the optical local oscilla¬ 
tor at a balanced (50/50) beamsplitter. The mixed 

light at each output port of the beamsplitter is collected by 
a photodetector (PDl or PD2) and the differenced photocur¬ 
rent J-{t) = Ji{t) — J 2 {t) is sent to a spectrum analyzer 
for record. lJs is the optical frequency of the excited center- 
frequency mode of the signal held, and uji is the frequency of 
the only excited mode of oscillator. For homodyne detection, 

LOs = UJI- 


When the light falls on the photodiodes, it generates 
photoelectric emissions at certain times If j{t) 

is the current output pulse produced by a photoemission 
at time ti = 0, then the total photoelectric current J{t) 
can be represented by the sum of pulses over all times U, 


When treating the problem of homodyne measurement 
of light, Ou, Hong and Mandel considered a measured 
electromagnetic field (r, t), whose effective band¬ 
width is nonzero but small compared with the midfre¬ 
quency OJs, 0,13 

1. 

E(+)(r,t) = ‘*), (1) 

in which V is the quantization volume and k stands for 
the set of plane-wave modes to which the detector re¬ 
sponds with cuk the corresponding optical frequency of 
each mode. The amplitude operator dk is the photon 
annihilation operator for mode k and remains constant 
when there is no free electrical charge in the space [l^ . 
The two mutually adjoint operators dk and dj^ obey the 
following commutation relations 

[dk,dk'] = [ak,dk'] = 0, 

[dk, dj^/] = dk,k^- (2) 

If the light field is detected in homodyne 

measurement as depicted in Fig. [21 the light intensities 
at the two output ports of the 50-50 beamsplitter 

read 


J{t) = Y^j{t-U). (4) 

i 

Apparently, j{t — U) = 0 ii t < ti. Then, we obtain the 
power spectral density of the photocurrent fluctuations 

as [Hill 

/ -l-oo 

< AJ_(t)AJ_(t -I- r) >s, (5) 

— OO 

where < AJ_(t)AJ_(t-|- t) >s is the auto-correlation 
function of the differentiated-photocurrent fluctuations 
AJ_(t) (AA = A— < A >s), with < • >s standing for 
statistical averaging, produced by the two photodiodes. 
The function < AJ_(t)AJ_(t -|- r) >s can be grouped 
into two lumps, the auto-correlation functions of AJi(t) 
{i = 1,2) and the cross-correlation functions of AJi{t) 
and AJj{t) {i,j = 1,2 and i ^ j), as follows: 

< AJ_(t) AJ-{t + t) >a 

= E < AJj(t)AJi(t-I-r) >s 

i=l,2 

- E < AJ^{t)AJj{t + T) >s, (6) 


± (<)e(-) (t) - 4 -^ (t)E(+) m. (3) 


where 4 ^\'t) = represents the classical 

single-frequency field of the local oscillator, with both the 
amplitude S’l and phase 0 i being real numbers. 4 ^ (t) = 



(t) and 4 ^ (0 = 4 ^'^ (^) 


* 


wherein the auto-correlation functions of AJi(t) (i = 
1, 2) read [Esin 


< AJi{t)AJ,{t + t) >s (i = l,2) 

pOO 

= rj dt' < ii{t - t') > + t) 

Jo 

- 1 - 77 ^ JJ dt'dt"X^(t - t' ,T + t' - t")j^{t')j^(t"). (7) 
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Here we assumed two identical photodiodes that are char¬ 
acterized by the same parameter rj for their quantum ef¬ 
ficiency, and ji{t — t') {i = 1,2) are the photoelectrical 
current pulses produced in the ith photodiodes for t > t' 

[i3[i3- =< ^ + 0 :> {i = 1,2) 

are the auto-correlation functions of light-intensity fluc¬ 
tuations and the symbol ^ :: means time- and normal¬ 
ordering of the field operators The first term 

in Eq. ([7]) accounts for the shot noise of light, while the 
second one depends on the fluctuation nature of the light 
being detected. 

The auto-correlation functions \i(t, i) {i = 1,2) can be 
calculated as (for detailed calculations, refer to the ap¬ 
pendix of [T^ with the only difference being that the os¬ 
cillator is bichromatic and the beamsplitter is extremely 
unbalanced there) 

A*(f,t) = (1/4) X 

+ l)< AEi-\t)A4+\t + l)> 
+ + 0 < > 

- 4^\t)4^\t + ^) < + > 

- 4~\t)4~\i + 0 < -f i)AE4'>{t) > ] 

+ 0{Si). (8) 

For the sake of simplicity, we only consider coherent light 
here. According to the definition of coherent states |16l |. 
which are eigenstates of the field operator E4\t), all 
the second-order correlation functions of the field fluc¬ 
tuations in the above equation vanish, i.e., Ai(t, t) « 0. 
With this in mind and plugging Eq. (jS]) into Eq. © , we 
arrive at 

£>2 roc 

< AJi{t)AJi{t + t) >s= —4 / dt' -I- t).(9) 

In the mathematical manipulations, only the leading 
term 4 \'t)4^\^) ~ © remained under 

the strong-oscillator approximation. 

Similarly, one can show without much difficulty that 
the cross-correlation functions < AJi{t)AJj{t+T) >s= 0 
for i ^ j {i,j = 1, 2). Therefore, with Eq. ([B]), we obtain 

nOO 

< AJ_(t)AJ_(t -I- r) >s= rjS^ / dt'j{t')j{t' + t)(10) 

Jo 

in which two identical photodiodes were assumed again 
for the detector, i.e., j{t) = ji{t) = j 2 {t). 

Now let K{uj) be the Fourier transform of the pho¬ 
tocurrent pulses jit), 


K{uj)= / dTj{T)E‘^^, 

Jo 


( 11 ) 


which can be interpreted as the frequency response of 
both photodiodes. Substituting Eqs. (nnD and (HU into 
Eq. (0 leads to EIH 



FIG. 3. (color online) Heterodyne measurement of light with a 
bichromatic local oscillator. The signal light (t) interferes 

with the bichromatic local oscillator 44 ^ balanced 

(50/50) beamsplitter. The mixed light at each output port 
of the beamsplitter is collected by a photodetector (PDl or 
PD2) and the differenced photocurrent J-{t) = Ji{t) — J 2 {t) 
is sent to a spectrum analyzer for record. The local oscillator 
consists of two excited modes of frequency, respectively, at uji 
and UJ 2 . Two image sideband vacuum modes at ujn = tui -|- 
and uji 2 = 0)2 — 12 are shown together with the signal mode. 

= 0)1 — a;® = o)s — 0)2 is the heterodyne frequency. 


The factor of two here accounts for the contribution of 
negative-frequency components when the calculation is 
compared with practical measurement. For ideal photo¬ 
diodes with sufficient response speeds, the photocurrent 
pulses may be approximated by Delta functions. Under 
this approximation, |Ar(a;)| = e, the charge on the elec¬ 
tron. Then, we have the power spectral density of the 
photocurrent fluctuations 


X4) = 2r]e S’l . 


(13) 


III. QUANTUM NOISE IN HETERODYNE 
MEASUREMENT OF LIGHT WITH A 
BICHROMATIC LOCAL OSCILLATOR 

Now we consider the same electromagnetic field 
E4\r,t) to be measured by a heterodyne detector with 
a bichromatic local oscillator (Fig. [3]), 

44 (t) = (^i/\/2) -h . (14) 

One should note that the treatment of Ou, Hong and 
Mandel is based on the stationary-photocurrent assump¬ 
tion [13, m, which is not valid any more in heterodyne 
measurement. We take advantage of the fact that the 
practical RBW, fir, of the spectral analyzer must be set 
to satisfy << 12, the heterodyne frequency, to resolve 
the beatnote signal in the photocurrent. In other words, 
the heterodyne measurement must be accomplished dur¬ 
ing a period of time T ^ >> 12“^ or longer. Con¬ 

sequently, to treat the heterodyne problem, we only need 
to assume that the average photocurrent over the period 
of time T ^ is stationary. Under this assump¬ 

tion, we concern the average power spectral density of 
the photocurrent fluctuations (see Ref. BUI for similar 
treatments), 


1 


^+oo 


x4) = 2r,4\Kiu;)\^. 


( 12 ) 


x(w) = 7^ dt < AJ_(t)AJ_(t-|-r) >s . 

J J 0 J -oo 

(15) 
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Now there are two different ways to treat the signal 
field (1) The image sideband vacuum modes 

are not within the bandwidth of the signal field and in¬ 
volved in the detection are there two more independent 
fields and E^ 2 \T^,t), namely image sideband 

fields 0, 

1 . 

(16) 


whose center-frequency modes are located at u/n and uji 2 , 
respectively (Fig. |4^). Here the amplitude operator 6k 
is the photon annihilation operator for mode k. Or (2) 
the image sideband vacuum modes are part of the field 
Ei^\r,t), which is the only field that the heterodyne 
detector measures (Fig. |41 d). 

In any case, the auto-correlation function of the 
differenced-photocurrent fluctuations reads 


< A J_(t) AJ_(t -I- t) >s 


^ pOO 

= dt' < ii{t- t') > jiit')ji(t' + r) 


2=1 

+ E 

* j=i 

X Ay (t -t',T + t' - t"), 




(17) 


in which =< 3" : Aii{t)Aij{t + i) ■> (i,j = 1,2) 

are the correlation functions of light-intensity fluctua¬ 
tions. In the heterodyne case, the light intensities 
at the two output ports of the 50-50 beamsplitter read 


± i[44{t)EtHt) - 4-\t)E4it)]}, ( 18 ) 


wherein if, 


(+) 


(t) stands for the input light field and 


E4\t) = + 4^\t) + E4\ty (19) 


ifiAo E3{t) &*\t) 



a>2 (o, 


Ef\t) 
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FIG. 4. (color online) Illustration of two different ways to 
treat the input light: (a) The detector measures three inde¬ 
pendent fields and the image sideband vacuum modes belong 
to two image sideband fields, E\i\y S'Hd respec¬ 

tively. (b) The detector measures only one light field, i.e., the 
signal field t), and the image sideband vacuum modes 

are part of the signal light field. 


For coherent light at the input of the detector, the field 
Ei^\t) is in a coherent state and the image sideband 

fields 3'’^^ A^ 2 '^(^)i if i'^ vacuum states. 

Then, the correlation functions Ay (t, t) ~ 0 no matter 
what we choose between Eq. (fTOl) and Eq. (1^ . accord¬ 
ing to the definition of coherent state [l^ . Consequently, 
with Eqs. (USD, (HZD and dUD, we have 

-1 pT p~\-oo 

x(w) = fj 0^4 

2 pco 

X E ’I / dt' <h{t- t') > ji{t')ji{t' -b r) 

i=i -^0 

nOO p -\-00 

= 77/ dt' dTE‘^^j{t')j{t'+T) 

Jo J —CO 

x^j\t44{t)44{t\ (22) 

in which, as in the homodyne case, we assumed two iden¬ 
tical photodiodes in the last step for the detector and only 
the leading terms remained in the calculation. Plngging 
Eqs. (ED and (IT4D into Eq. (I22D leads to 


if the detector senses two more independent fields in ad¬ 
dition to the signal field E4{t) (Fig. HDi)- Otherwise, if 
the detector measures only one field, i.e., the signal field 

(Fig. Sla), 

E4\t) = E4{t). (20) 

Then we obtain the correlation functions of the pho¬ 
tocurrent fluctuations as follows 

Ay idl y — 

+ 0 < AE[-\t)AE4\t + 0 > 

+ ^ (t -b t) < Ae[ ^ {t + i)AE4 (t) > 

- +y< AE4it)AE4{t + 0 > 

- 44 it)44 (t + i)< ae 4 {t + i)AE4 (t) > ] /4 

+ Oi^i). (21) 


Xico) = 2r,4\K{uj)\y (23) 

Again the factor of two comes from the contribution of 
negative-frequency components. Under the same approx¬ 
imation that the photodiodes have sufficient response 
speeds, |A'(a;)| = e, we have the power spectral density 
for the photocurrent fluctuations 

X{0J) = (24) 

which is identical to Eq. ED- 

Next, we consider the average power of the output pho¬ 
toelectrical signal produced by the heterodyne detector. 
The average photocurrent signal at the output of the de¬ 
tector reads [l3, [13, m 

< J-{t) > 

= -Y^< hit - ti) > 

i i 
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i i 


is in a coherent state. For one second of measurement 
time, we have 


in which Pi{t)At = r] < Ii{t) > At {i = 1, 2) is the proba¬ 
bility of photodetection registere d by the ith photodiode 
at time t within time interval At [la, . Converting the 
summation into integrand, we arrive at 

pOO 

< J-{t) >= T] / dt'j{t') < ii{t — t') — i^it — t') > . 

Jo 

For simplicity without loss of generality, we assume unity 
load resistance for the spectrum analyzer and that the 
signal light has only a single excited mode of frequency 
in a coherent state. One should note that we previously 
assumed photodiodes with sufficient response speeds, 
j{t) = eS{t). Then the output photoelectrical signal 
reads 


< J-{t) > 

= r]e< ii{t) - hit) > 


= iTje 


4^\t) < h 


\t) > - 4 -\t) < > 


It is not difficult to show 

< El^\t) > = 

v2V 

< E[-\t) > = - 


Here ak, =< dk, > and kg stands for the excited 

mode of frequency in the signal field. With Eq. m , one 
can rewrite the output photoelectrical signal as 


< J- (t) > 

_ i cos(Ot -I- A^), (25) 

vV 

in which LOg = Wk,, cts = ak,, fi's = k^ • r, 0 = ( 6 »i -f 6 » 2 )/ 2 , 
and A 6 = 62 — Oi. Accordingly, the average power of the 
output signal is 


1 

Eout ~ Tp I dt J—it) > 

^ Jo 

= f dt cos^(Of + A9) < cos ^(dg 

Jo 

_ {r]eag<^i)‘^ 

V 


e) >g 
(26) 


With Eqs. (l24l) and (l26l) . we calculate the SNR at the 
output of the heterodyne detector as, for one second of 
measurement time. 


_ Pout _ iveagc^i)"^ _ Tjal 
~ x(w) “ 2Vrie'^S^ ~ 2F ' 


(27) 


Concerning the SNR at the input of the heterodyne de¬ 
tector, it is the inherent SNR of input signal light, which 


SNR„ = =< m > 

< lit) > 

= <Ei-\t)Ei+\t)>='^. (28) 

Finally, we obtain the noise figure of the heterodyne 
phase-sensitive detector 

NF = 101ogio||^=OdB (29) 

biNKojjt 

IV. DISCUSSIONS 

We have shown that, with coherent light at the input, 
a phase-sensitive heterodyne detector with a dichromatic 
local oscillator is noise free at the quantum level. This 
is in goo d ag reement with the quantum theory of linear 
amplifier |I4| . Therefore, as a prospective tool for preci¬ 
sion measurements with squeezed light, the studied het¬ 
erodyne detector has both advantages of a conventional 
heterodyne detector, where classical noises around DC 
area are avoided, and its homodyne counterpart, which 
is noise free at the quantum level. 

As for the origin of the quantum noise, one must no¬ 
tice that the result presented here remains no matter if 
one takes into account the image sideband fields in the 
calculation, i.e., the result is independent of the choice 
between Eq. (ITOl) and Eq. (EiH) . In this sense, we can¬ 
not tell if the quantum noise in the heterodyne detector 
originates from three independent fields, as described by 
Eq. (|TO1) . or from a single field of light, as delineated by 
Eq. (1^ . 

Nonetheless, the power spectral density for the pho¬ 
tocurrent fluctuations produced by the heterodyne de¬ 
tector, Eq. (HI, is identical to that by a homodyne de¬ 
tector, Eq. (fT^ . It is well known that the homodyne 
quantum noise results from only one field in the detec¬ 
tion. From this, it is reasonable to speculate that the 
quantum noise represented by Eq. dH originates from 
only one field too. If this is true, all the image sideband 
vacuum modes must be treated as part of the signal field 
Ei'^\r,t) with Eq. (1^ . 

In a recently accomplished work, we discovered [l^ 
that the 3 dB extra quantum noise due to the image side¬ 
band vacuum modes was indeed absent, or significantly 
suppressed, in experimental observation, in good agree¬ 
ment with our theoretical analysis (Table HI. However, 
the mechanism for the absence of the 3 dB heterodyne 
noise was unknown. 

One might explain the experimental observation with a 
destructive quantum interference between the two image 
sideband modes that caused a cancel of their quantum 
noises in the detection. Nevertheless, this entails quan¬ 
tum anti-correlation between the two vacuum modes, 
which sounds very unlikely for coherent light. Now the 
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TABLE I. Noise figure of the studied phase-sensitive hetero¬ 
dyne detector, as calculated according to Eq. (1211), for coher¬ 
ent light at the input. To enable a direct comparison with 
the experimental results [3, we provide here the calcula¬ 
tion results for signal light at the power levels of 0.5 nW, 
1.0 nW, and 2.0 nW, respectively. The SNR at the input of 
the detector is computed as SNRi„ = lOlogj^gAf, where N is 
the number of detected photons within a period of 1 ms. A 
quantum efficiency of rj — 70% is assumed for the detector. 
SNRout is the SNR of the photoelectric signal, according to 
Eq. (HZl), integrated over all the detection volume V, with 
RBW = IkHz. 


Ps (nW) 

SNRin (dB) 

SNRo„t (dB) 

NF (dB) 

0.5 

62.68 

62.68 

0.00 

1.0 

65.69 

65.69 

0.00 

2.0 

68.70 

68.70 

0.00 


experimental results may be explained in the following 
picture: The phase-sensitive heterodyne detector actu¬ 
ally measured only one field of light at its input, and it 
was this measured signal field that produced the quan¬ 
tum noise in the heterodyne detection, the same as in 
homodyne detection. 

To verify the above speculation, one may utilize an 
optical signal in a squeezed state at the input of the het¬ 
erodyne detector. For squeezed light under measurement, 
the correlation functions Ay (t, t) are nonzero in Eq. ([T7|) . 
From Eq. (EU, one can easily see that the correlation 
functions Ay(t, 6) may be different for the two cases of 


Eqs. (fT^ and (|20)) . 

If the two image sideband fields are within the squeez¬ 
ing bandwidth of the signal field, they should be quan¬ 
tum correlated and make observable contributions to the 
power spectral density x(w). By experimentally mea¬ 
suring x(a;) and comparing the result with theoretical 
expectations respectively based on Eqs. dUD and (EQI), 
one may know the source of the quantum noise in the 
phase-sensitive heterodyne detector. 

V. CONCLUSIONS 

We have developed a theory to describe the quantum 
behavior of a phase-sensitive heterodyne detector with a 
bichromatic local oscillator, assuming coherent light at 
the input. We have shown, from the viewpoint of theo¬ 
retical analysis, that the studied heterodyne detector is 
noise free at the quantum level, in a good agreement with 
experiment, indicating that the detector has the poten¬ 
tial of becoming a useful tool for precision measurement 
with squeezed light. We have put forth a new picture, 
for the origin of the quantum noise in the heterodyne de¬ 
tector, that the detector measures a single field of light 
at its input, with all the image sideband vacuum modes 
being part of the signal field. 
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